Skew Polynomial Rings with Binomial Relations  by Gateva-Ivanova, Tatiana
 .JOURNAL OF ALGEBRA 185, 710]753 1996
ARTICLE NO. 0348
Skew Polynomial Rings with Binomial Relations
Tatiana Gateva-Ivanova*
Department of Mathematics, Massachusetts Institute of Technology, Cambridge,
Massachusetts 02139; and Section of Algebra, Institute of Mathematics, Bulgarian
Academy of Sciences, Sofia, Bulgaria
Communicated by J. T. Stafford
Received July 7, 1995
In this paper we continue the study of a class of standard finitely presented
quadratic algebras A over a fixed field K, called binomial skew polynomial rings.
We consider some combinatorial properties of the set of defining relations F and
their implications for the algebraic properties of A. We impose a condition, called
 .) , on F and prove that in this case A is a free module of finite rank over a
strictly ordered Noetherian domain. We show that an analogue of the Diamond
 .Lemma is true for one-sided ideals of a skew polynomial ring A with condition ) .
We prove, also, that if the set of defining relations F is square free, then condition
 .) is necessary and sufficient for the existence of a finite Groebner basis of every
one-sided ideal in A, and for left and right Noetherianness of A. As a corollary we
find a class of finitely generated non-commutative semigroups which are left and
right Noetherian. Q 1996 Academic Press, Inc.
CONTENTS
1. Introduction
2. Groebner bases for modules over strictly ordered algebras.
3. Cyclic conditions.
4. Groebner bases for one-sided ideals in binomial skew polynomial rings with condition
 .) .
5. Noetherian properties of binomial skew polynomial rings.
* Supported in part by the J. William Fulbright Exchange Program and by the Ministry of
Education of Bulgaria under Grant MM-404r94. E-mail: tatiana@bgearn.acad.bg.
710
0021-8693r96 $18.00
Copyright Q 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
SKEW POLYNOMIAL RINGS 711
1. INTRODUCTION
In the paper we work with finitely presented associative algebras over a
 4fixed field K. We denote by X s x , . . . , x a non-empty set of indeter-1 n
 :  :minates, X is the free semigroup with 1 generated by X, and K X is
the free associative algebra with 1 generated by X.
It is well known that any finitely generated associative algebra A can be
 :presented as A s K x , . . . , x rI, where n is large enough and I is a1 n
 :two-sided ideal in K X . It is a recent tendency to go back to the classic
tradition to study the algebraic properties of A using a given representa-
tion of A by means of generators and relations}that is, to use a com-
binatorial approach.
 .  41.1 Throughout the paper we shall assume that n and X s x , . . . , x1 n
 :are fixed and an ordering on X is given. We shall denote it by < when
we consider an arbitrary ordering and in the special case of deg]lex
 :ordering on X we shall use the notation -#. We assume that for any
 :  :  .u g X , u / 1, one has 1 < u. For any g g K X we denote by HM g
  :.the highest monomial of g with respect to the fixed ordering on X .
 :Suppose F is a set of non-zero polynomials in K X . We recall that a
 .monomial u is normal mod F w.r.t. < if it does not contain any of the
 .monomials HM f , f g F, as a segment.
 :  .For any subset F of K X , F will denote the two-sided ideal gener-
ated by F. Given a finitely generated algebra A we shall always assume
 :that the presentation A s K X rI is minimal; thus I does not contain
polynomials of degree 1. Let
N s N I s N A .  .
 .be the set of normal mod I monomials. Clearly, as a K-vector space
 :K X splits into the direct sum
 :K X s Span N I [ I. .
 :  .For any f g K X one has f s f q h, where f g Span N I and h g I0 0
are uniquely determined. We recall that the polynomial f is called the0
normal form of f. We shall denote it by Nor f. We shall often identify A
 .with the isomorphic algebra Span N, ( with multiplication ( defined by
f (g s Nor f ? g . 1.2 .  .
Consider an operation ) on the set N defined by
u)¨ s HM u(¨ s HM Nor u¨ . 1.3 .  .  . .
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 .1.4 Here and in Section 2 we shall assume that the operation ) is
 .associative, i.e., N, ) is a semigroup. In the case when A is a binomial
skew polynomial ring the operation ) is always associative.
It is known that if a linear ordering on N which is admissible for the
operation ) and satisfies the d.c.c. condition on elements i.e., is a good
.ordering is given, one can prove an analogue of Bergman's Diamond
Lemma and give natural definitions of Groebner bases for one- and
w x w x w x w x w xtwo-sided ideals of A, as is done in G-I2 , K-R-W , Gol , Mor1 , Lat ,
w x w xMor2 , Mor3 . However, in many cases one cannot follow this strategy.
Some of the difficulties which arise in these cases are consequences of the
following remark.
 .  :1.5 Remark. The ordering < on X induces a linear ordering on
 .the set N we shall denote it by - which, in general, need not agree with
 .the operation ); cf. Theorem 4.1 and 4.15 .
 .  .1.6 DEFINITION. The algebra A is strictly ordered w.r.t. - iff the
linear ordering - on the set N induced by < is admissible with the
operation ), i.e., a - b implies a)c - b)c and c) a - c) b, for all
a, b, c g N.
w xThe notion of a strictly ordered algebra A was introduced in G-I1 . In
w x w xG-I1 , G-I2 strictly ordered algebras were studied in the particular case
 :when < is the degree]lexicographic ordering on X . Groebner bases
for ideals in such an algebra were defined there and necessary and
sufficient conditions for Noetherianness were obtained. A trivial example
of a strictly ordered algebra is the free associative algebra itself. Here are
additional examples:
 .1.7 EXAMPLES. The algebras of solvable type, introduced and studied
 w x.by Kandri-Rody and Weispfenning cf. K-R-W , are strictly ordered. This
class is large enough itself}it includes commutative polynomial rings,
universal enveloping algebras of finite dimensional Lie algebras, in particu-
lar, the Weyl algebras arising in quantum physics, etc.
w x w xStrictly ordered algebras are also considered in G-I1 , G-I2 . It is
proved there that if a non-commutative domain A is strictly ordered with
 :respect to the degree]lexicographic ordering -# on X , then A is left
 .resp. right Noetherian if and only if it is a solvable ring. For the
convenience of the reader, we recall the definition of an algebra of
solvable type with respect to the degree]lexicographic ordering -# on
 :.  .X in 4.10 .
It is not difficult to prove that an analogue of Bergman's Diamond
Lemma holds for one- and two-sided ideals in arbitrary strictly ordered
 . w.r.t. - algebra A. The proof is routine and is analogous to that of
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.Bergman. Thus Groebner bases for one- and two-sided ideals can be
defined. If, furthermore, a strictly ordered algebra is Noetherian resp.;
.  .strongly Noetherian , then any ideal resp. one-sided ideal in A has a
finite reduced Groebner basis. This implies decidability of the membership
 .problem for finitely generated ideals resp. one-sided ideals in A. There-
fore, it is reasonable to expect that the class of Noetherian strictly ordered
algebras will play an important part from a computational point of view.
It seems interesting and useful to generalize the notion of Groebner
 .bases for one- and two-sided ideals of A in the case when N, ), - is not
necessarily an ordered semigroup, but some other convenient conditions
hold, in particular, when A is a free module of finite rank over some
subalgebra A which is strictly ordered. In Section 2 we define Groebner0
bases for free modules over strictly ordered algebras and show that an
analogue of the Diamond Lemma holds in this case; cf. Th. 2.22. The
results of Section 2 are routine and not difficult to prove, but they seem to
be useful from a computational point of view. These results are used in
Section 4 for the particular case of binomial skew polynomial rings.
It is well known that, in contrast with the commutative case, the reduced
Groebner basis of an ideal in a non-commutative algebra can be infinite.
As a result the word problem and the ideal membership problem for
such algebras are, in general, unsolvable. Kandri-Rody and Weispfenning
w xK-R-W posed the natural question:
Where is the bordering between a decidable and an undecidable ideal
membership problem in non-commutati¨ e polynomial rings? More precisely,
 :determine the ideals I in the free associati¨ e algebra K x , . . . , x such that I1 n
contains no ``commutati¨ e'' polynomials / 0 and such that A s
 :K x , . . . , x rI has a decidable membership problem for finitely generated1 n
two-sided ideals.
In this connection, another question arises:
 .When is a skew polynomial ring A strong one-sided Noetherian and when
 .is A weak two-sided Noetherian?
w xIn G-I3 we study a restricted class of skew polynomial rings, with
binomial relations, which we call binomial skew polynomial rings. In the
case when A is a binomial skew polynomial ring without zero divisors, we
give a condition on the defining relations of A here we call it condition
 ..  .) , necessary and sufficient for left resp. right Noetherianness of A.
In this paper we continue the study of binomial skew polynomial rings
A. We do not assume that A is a domain. We show that if the set of
 .   ..defining relations satisfies the condition ) defined in 1.11.2 , then the
 .  .semigroup N, ) has interesting combinatorial properties cf. Section 3 ,
which can be used for studying A. We prove in Section 4 that a binomial
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 .skew polynomial ring A with condition ) is a free module of finite rank
over a Noetherian strictly ordered domain and apply the results of Section
2 to show that an analogue of the Diamond Lemma is true for one-sided
ideals in A. We define Groebner bases for one-sided ideals in A and
 .prove that the condition ) is necessary and sufficient for the existence of
a finite Groebner basis of every one-sided ideal in A, in particular, for left
 .and right Noetherianness of A cf. Section 5 . This extends the results of
w xG-I3 .
Before stating the main results of the paper we need more definitions
and notation.
 .1.8 Throughout the section we shall consider the degree]lexicographic
 :  .ordering -# on X . We set x -# x -# ??? -# x . Given a polyno-1 2 n
 :  .  .mial f in K X , HM f s HM f will denote its highest monomial.-#
 .  41.9 DEFINITION. An ordered monomial in indeterminates x , . . . , x1 n
is a monomial of the form x t1 . . . x tn, where t G 0, for 1 F i F n. The set1 n i
of all ordered monomials will be denoted by N.
 . w x1.10 DEFINITION Art-Sch . A graded standard finitely presented alge-
 :bra A is a skew polynomial ring if it can be presented as A s K X rI,
 :where I is a two-sided ideal in K X and the following two equivalent
 .conditions hold: a The reduced Groebner basis F of I is0
F s x x y f ¬ 1 F i - j F n , 40 j i ji
where for 1 F i - j F n, f is a linear combination of ordered monomialsji
 .  .of degree 2, and HM f -# x x ; b the set of ordered monomials Nji j i
projects to a K-basis of A.
 .  .1.11 DEFINITIONS. 1 A graded standard finitely presented algebra
 :  . A s K X r F is called a binomial skew polynomial ring with a set of
.  .defining relations F if F satisfies the following two conditions: a F has
the form
F s x x y c u ¬ 1 F i - j F n , 4j i i j i j
 4where for 1 F i - j F n, c g K _ 0 , u is an ordered monomial ofi j i j
 .degree 2, such that u -# x x ; b F is the reduced Groebner basis of thei j j i
 .  .two-sided ideal F or equivalently N projects to a K-basis of A .
 .2 Sometimes we shall assume that an additional condition on F is
satisfied:
) Each x x , with 1 F i - j F n , appears in . i j
the right hand side of some relation in F .
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 .  :  .3 Along with A we consider the algebra A* s K X r F* , where
F* s x x y u ¬ 1 F i - j F n . 4j i i j
 .Clearly, 1.b implies that F* is the reduced Groebner basis of the ideal
 .F* and A and A* have the same basis of normal monomials. We call the
 .multiplicative semigroup N A ; A* generated by x , . . . , x the semi-1 n
group of normal monomials of A, and denote its product by ). Note that,
in the case when A is a binomial skew polynomial ring, there is an equality
 .  .  .N A s N, and 1.3 and 1.11 define the same operation ) on N.
w x   ..Furthermore, A* is isomorphic to the semigroup algebra K N cf. 3.2
 .and we call it the associated to A semigroup algebra.
 . 24 We say that F is square free if u / x , for all i, j, k, 1 F i - j F n.i j k
 .Obviously, the condition ) is equivalent to the following:
)) F is square free and the monomials u , . i j
1 F i - j F n , are pairwise distinct.
EXAMPLES.
 .  :  .1.12 A s K x , x , x r F , where1 1 2 3
 4F s x x y x x , x x y x x , x x y x x1 3 2 1 3 3 1 1 3 2 1 1 2
 .is a binomial skew polynomial ring. Here F is square free, but ) is not
true, since u s u .23 13
 .  :  .1.13 A s K x , x , x , x r F , where2 1 2 3 4 2
F s x x y ax x , x x y bx x , x x y cx x , x x y dx x ,2 4 3 3 4 4 2 1 3 4 1 2 3 3 2 1 4
4x x y ex x , x x y fx x ,3 1 2 4 2 1 1 2
and the coefficients a, b, c, d, e, f satisfy abcdef / 0, a2 s f 2 s bercd s
cdrbe.
 .  :  .1.14 A s K x , x , x , x , x r F , with3 1 2 3 4 5 3
F s x x y ax x , x x y bx x , x x y cx x , x x3 5 3 2 4 5 2 1 4 5 1 3 4 4 3
yax x , x x y bx x , x x y cx x ,2 5 4 2 1 5 4 1 3 5
4x x y ex x , x x y fx x , x x y gx x , x x y hx x ,5 4 4 5 3 2 2 3 3 1 1 3 2 1 1 2
and the coefficients a, b, c, d, e, f , g, satisfy abcdefgh / 0, e2 s 1, fg s 1,
h s f.
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 .Both A and A are binomial skew polynomial rings with condition )2 3
and are left and right Noetherian.
w xMore examples can be found in G-I3 , where a classification of the
Noetherian binomial skew polynomial rings A with four generators, and F
square free, is given.
The main results of the paper can be stated as follows:
 .1.15 THEOREM I. Let n and P be integers, n ) 1, P s n!. Let A s
 :  .K x , . . . , x r F be a binomial skew polynomial ring with a set of defining1 n
relations
F s x x y c u ¬ 1 F i - j F n . 4j i i j i j
Suppose F is square free and all u , 1 F i - j F n, are pairwise distinct. Theni j
the following two conditions hold:
 . P P1 The subalgebra A of A generated by the monomials x , . . . , x , is aP 1 n
sol¨ able ring. In particular, A is a left and right Noetherian domain.P
 .  .2 A is a free left resp. right module of finite rank o¨er A with aP
basis
Y s y s x r1 x r2 ??? . x rn ¬ 0 F r - P , 1 F i F n . 41 2 n i
In particular, A is left and right Noetherian.
 .  :  .1.16 THEOREM II. Let A s K x , . . . , x r F be a binomial skew1 n
polynomial ring with a set of defining relations
F s x x y c u ¬ 1 F i - j F n , 4j i i j i j
Suppose F is square free. Then the following conditions are equi¨ alent:
 .1 All u are pairwise distinct.i j
 .2 A is left Noetherian.
 .3 A is right Noetherian.
 . 4 Any left ideal of A has a finite Groebner basis with respect to some
.grading of A .
 . 5 Any right ideal of A has a finite Groebner basis with respect to
.some grading of A .
 .  .In particular, any of the conditions 1 ] 5 implies that the membership
problem for finitely generated one-sided ideals in A is decidable.
  ..Theorem I is proved in Section 4 cf. 4.21 , and Theorem II is proved
  ..in Section 5 cf. 5.12 .
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2. GROEBNER BASES FOR MODULES OVER STRICTLY
ORDERED ALGEBRAS
In this section we keep the notation of the Introduction.
 .  42.1 Throughout the section we shall assume that n and X s x , . . . , x1 n
 :are fixed and an ordering < on X is given. We assume that for any
 :u g X , u / 1, one has 1 < u. As noted in the Introduction an opera-
tion ) on the set N is defined as
u)¨ [ HM u(¨ s HM Nor u¨ . 2.2 .  .  . .
 .  .2.3 We shall assume that the operation ) is associative, i.e., N, ) is a
semigroup.
 :It has already been mentioned that the ordering < on X induces a
 .linear ordering on the set N we shall denote it by - , which, in general,
need not agree with the operation ).
 .2.4 EXAMPLE. Let A be an algebra with binomial relations, i.e.,
 :  .A s K X r R , where R is a set of relations of the type u y c¨ , such
that c g K, and u and ¨ are monomials, with ¨ < u. It is clear that the
 . Groebner basis F of the two-sided ideal R consists of binomials only in
 . general, one has R : F and the condition 2.3 is satisfied. In particular,
.A can be a monomial algebra. Here the set of normal monomials N is a
semigroup with respect to the operation ). In this case the ordering -
need not agree with the operation ) even in the case when we have fixed
 :deg]lex ordering -# on X and A is a skew polynomial ring with
  ..binomial relations cf. Theorem 4.1 and 4.15 .
 .Recall that the algebra A is said to be strictly ordered w.r.t. - iff
the linear ordering - on the set N induced by < agrees with the
operation ).
In this section we shall generalize the notion of Groebner bases for
 .one-sided ideals of A in the case when N, ), - is not necessarily an
ordered semigroup, but some other convenient conditions hold. We as-
 .sume that A is a free left resp. right module over some strictly ordered
subalgebra A . Theorem I shows that this is reasonable. Clearly what0
we need is to define Groebner bases for submodules of a free A -module0
and to prove that an analogue of the Diamond Lemma holds for such
submodules.
 .2.5 Let A be a strictly ordered algebra with a set of normal monomi-0
 .als N s N A . Suppose M is a free left A -module with a basis Y over0 0 0
A . Note that M is a vector space over K with a K-basis B defined as0
 4B s Wy ¬ W g N , y g Y . 2.6 .0
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 .2.7 Remark. A notion of standard and Groebner bases for a submod-
w xule of a given A-module M is given in Lat in the case when both A and
M are V-filtered, or V-graded, where V is a well-ordered semigroup and
M has no zero divisors. A modification of the Diamond Lemma is proved
in the case of an V-graded A-module M s [ M , such that alla g V a
graded components M , a g V, are 1-dimensional K-vector spaces. Thesea
results cannot directly be applied in our context, since both the algebra A0
and the A -module M are assumed to be N graded,0 0
A s A , A s Span u , .[0 u u
ugN0
 4M s M , M s Span uy ¬ y g Y ,[ u u
ugN0
but clearly,
dim M s aY .K u
It turns out that it is convenient for our purposes to assume that some
ordering on the K-basis B is defined with ``nice'' properties.
 .2.8 DEFINITION. Let A be a strictly ordered algebra. Let M be a0
 .free left A -module with a basis Y over A and a K-basis B as in 2.5 .0 0
Suppose that $ is a good ordering on the set B. We say that $ is
A -admissible iff the following condition holds:0
For any b , b g B and W g N , the inequality1 2 0
b $ b , 2.9 .1 2
implies
W ? b $ W ? b . 2.10 .1 2
 .2.11 Throughout this section we shall assume that M is a free
A -module with an A -admissible ordering $ on its K-basis B.0 0
 .2.12 DEFINITION. Let f s k b q ??? qk b be a non-zero element of1 1 s s
 4M with k g K _ 0 , and b g B, for all i, 1 F i F s. Suppose b $ b $i i 1 2
 .??? $ b ; then we shall denote by in f the elements b g B. Given as s
 .   . 4non-empty set F ; M we shall denote by in F the set in f ¬ f g F .
 .  .2.13 DEFINITION. An element f in M is called monic if f s in f q
 .  .f , where in f ) in f .1 1
 .  .The next remark follows directly from 2.8 and 2.11 .
 .2.14 Remark. For any f in M and any W in N one has0
in Wf s in W in f . .  . .
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In particular, for W , W g N and y g Y, one has1 2
in W W y s W )W y. .  . .1 2 1 2
Agreeing with the standard approach to non-commutative Groebner
 .  .bases, we now give definitions for left reductions, left normal form of
 .  .an element, left S-forms an analogue of the S-polynomials , etc., which
fit our assumptions, and obtain an analogue of the Diamond Lemma. We
 .assume that 2.11 is true.
 .2.15 DEFINITION. Let F be a non-empty set of monic elements in M.
For any pair f , W, where f g F and W g N , a linear operator R in M0 W , f
 .called a left reduction is defined as follows. Suppose Wf s l b y h,W , f
 .  .  .where b s in Wf g B, h g Span B , and in h $ b. Then
R b s ly1 h , .W , f W , f
and
R c s c, .W , f
for all c g B, c / b. We say that an element g g M can be reduced
 .to g 9 g M with respect to F we denote this by g « g 9 if there exists aF
finite sequence of reductions R s R , . . . , R s R , such that1 W , f q W , f1 1 q q
   . .R . . . R g . . . s g 9, where W g N , f g F, for 1 F i F q.q 1 i 0 i
An element b g B is normal mod F iff for any pair, f , W, such that
 .f g F and W g N , one has R b s b. We say that an element g g M0 W , f
is in normal form mod F if it is a linear combination of normal mod F
elements of the K-basis B. It is not difficult to see that each g g M can be
reduced to a g 9 g M which is in normal form mod F. We call such a g 9 a
 .  .left normal form mod F of g. Generally g 9 is not uniquely determined
by g and F.
 .2.16 Remark. The following conditions hold.
 .i There is an inequality
in R g $in g 2.17 .  .  . .W , f ]
 .for all W g N , f g F, and g g M, and there is a strict inequality in 2.170
 .  .iff in g s in Wf .
 .  .ii Let L be a submodule of M, F : L. Then R g g L, for allW , f
W g N , f g F, g g L. Consequently, each normal form mod F of an0
element g g L lies in L.
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 .2.18 DEFINITION. Let f and g be two monic elements of M. Suppose
 . 2.19 there exist two monomials W , W in A such that in W ?1 2 0 1
 ..   ..in f s in W ? in g s b, for some b g B.2
Let the monomials W and W be of minimal possible degree this1 2
.determines W and W uniquely . Then the difference1 2
LS f , g s R b y R b .  .  .W , f W , g1 2
 .is called a left S-form.
 .  .In the case when 2.19 does not hold we set LS f , g s 0, by definition.
The following lemma gives a necessary and sufficient condition for a left
S-form to be non-zero.
 .2.20 LEMMA. Let f / g be two monic elements of M. Then there exist
 .  .two monomials W and W in A , such that in W f s in W g , if and only1 2 0 1 2
 .  .if in f s ay, in g s by, for some a, b, y, where y is in the basis Y of the
free A -module M, and a, b are non-zero monomials in A , ha¨ing a less0 0
 .common left multiple in A.
 .2.21 DEFINITION. Let L be a submodule of M and let F be a
non-empty subset of L consisting of monic elements. Given an element
g g L, a representation of g of the form
g s c W f q ??? qc W f1 1 1 s s s
 4is called an H-representation, if c g K _ 0 , W g N , f g F, andi i 0 i
 .  .in W f $in g , for all i, 1 F i F s.i i ]
w xThe following result is an analogue of the Diamond Lemma Berg .
 .2.22 THEOREM. Let A be a strictly ordered algebra with a set of normal0
monomials N . Let M be a free left A -module with a basis Y o¨er A and a0 0 0
 .K-basis B as in 2.5 . Suppose that $ is an A -admissible good ordering on0
the set B. Let L be a non-zero submodule of M and let F be a subset of L
consisting of monic elements. Then the following conditions are equi¨ alent.
 .i For any non-zero element g in L there exist an f g F and a W g N0
 .  .such that in g s in Wf .
 .ii Any non-zero element g of L has an H-representation, i.e., can be
presented as
g s c W f q ??? qc W f ,1 1 1 s s s
 .  .where c 's are non-zero coefficients, W g N , f g F, and in W f $in g ,i i 0 i i i ]
for 1 F i F s.
SKEW POLYNOMIAL RINGS 721
 .iii Any element g g L can be reduced to zero with respect to F.
 .iv F generates L as an A -module and for any pair f , g g F the0
 .LS-form LS f , g has an H-representation.
 .v F generates L as an A -module and for any pair f , g g F the0
 .LS-form LS f , g can be reduced to zero with respect to F.
Proof. The proof is routine and follows the scheme
 .  .  .i l ii l iii ,
 .  .i l iv ,
 .  .  .i ª v ª iv .
 .2.23 DEFINITION. Let L be a non-zero submodule of M and let F be
a non-empty subset of L consisting of monic elements. We say that F is a
 .  .Groebner basis of L iff some of the equivalent conditions 2.22.i , . . . , 2.22.v
are satisfied.
We recall the definition of a Noetherian semigroup.
 .  .2.24 DEFINITION. A semigroup S is left resp. right Noetherian if at
 .least one of the following equivalent conditions hold: a any increasing
 .chain of left resp. right ideals in S, I : I : ??? : I ??? , stabilizes;1 2 n
 .  .b any left resp. right ideal I in S is finitely generated.
The following lemma is a generalization of Dickson's lemma concerning
sequences of commutative terms.
 .  . 2.25 LEMMA. Let S, ) be a semigroup with unit. Then S is left resp.
.right Noetherian iff for each infinite sequence of elements
w , w , . . . , w , ???1 2 k
there exist an index k , such that for any k ) k there exists a j F k and an0 0 0
 .a g S such that w s a)w resp. w s w ) a .k j k j
Proof. The proof is straightforward.
Throughout the section we shall assume that the following conditions
hold:
 .2.26 A is a strictly ordered algebra with a semigroup of normal0
 .monomials N , ) , such that for any pair of monomials W , W in N it0 1 2 0
is known whether there exists a left common multiple W of W and W1 2
in N :0
W s u)W s ¨ )W , u , ¨ g N .1 2 0
M is a free left A -module of finite rank with a basis0
 4Y s y , . . . , y1 t
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 .over A and a K-basis B as in 2.5 . We suppose that $ is an A -admis-0 0
sible good ordering on the set B such that:
 .2.27 For any two elements b , b g B the equality b s W ? b , W g1 2 2 1
 4N _ 1 , implies b $ b .0 1 2
 .  .  42.28 PROPOSITION. Let A and M satisfy 2.26 . Let F s f , . . . , f be0 1 r
 .a non-empty set of monic elements in M, and let L s F be the submoduleA0
 .of M generated as a left A -module by F. Then:0
 .  .1 The condition 2.22.v can be algorithmically ¨erified, i.e., is recog-
nizable.
 .2 Suppose F is a Groebner basis for L. Then an element g g M
belongs to L if and only if it can be reduced to zero with respect to F; thus it
can be algorithmically checked whether a gi¨ en element g is in L.
 .3 Moreo¨er, if the semigroup of normal monomials N is left Noethe-0
rian, then any left submodule L of M has a finite Groebner basis. Gi¨ en a
finite set F generating L as an A -module, the problem of constructing a finite0
 .Groebner basis G F for L is sol¨ able by an analogue of Buchberger's
w xalgorithm Buch . Thus M has a decidable membership problem for finitely
generated submodules.
 .  .Proof. Part 1 is clear from the finiteness of F and 2 follows from
 .  .2.22.iii . We shall prove 3 . Suppose the semigroup N is left Noetherian.0
Let L be a submodule of M. For 1 F j F t consider the following subsets
of N :0
L s u g N ¬ ' f g L, in f s uy . . 4j 0 j
Observing that each L is a left semigroup ideal in N one obtains fromj 0
the Noetherian property of N that it is finitely generated. In other words,0
there exists a finite set of monomials
W , . . . , W ; N 4j1 js 0j
such that each W g L can be written as W s a)W , for some k, a, 1 F kj jk
F s , a g N . Now for 1 F j F t, 1 F k F s , let f be a monic element ofj 0 j jk
 .L such that in f s W . Considering the setjk jk
G s f ¬ 1 F j F t , 1 F k F s 4jk j
 .one sees that condition 2.22.i is fulfilled, so G is a finite Groebner basis
of L. Q.E.D.
For the convenience of the reader we give a procedure which is an
analogue of Buchberger's algorithm and constructs a finite Groebner basis
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 .G F for the left module generated by a finite set F. We can always
assume that F consists of monic elements.
 .2.29 ALGORITHM LGROEBNER
Input: F, a finite set of monic elements in M
 .Output: G s LGB F , a left Groebner basis in M
BEGIN
G [ F
  . 4G s f g F ¬ in f g N y , for 1 F i F t,i 0 i
 . 4B [ D f , g ¬ f , g g G , f / g1F iF t i
REPEAT
 .f , g [ a pair in B
 .B [ B _ f , g
 .h [ LS f , g
h9 [ a left normal form of h mod G
IF h9 / 0 THEN
BEGIN
 4G [ G j h9
 .For i such that in h9 g N y , do0 i
 4G [ G j h9 ;i i
 . 4B [ B j h9, g ¬ g g G , g / h9i
END
UNTIL B s B
 .LGB F [ G
END
We claim that
 .  .2.30 LEMMA. a If the semigroup N is left Noetherian then the proce-0
 .  .dure 2.29 is finite, i.e., comes to an end in finitely many steps. b The
 .algorithm 2.29 obtains a finite left Groebner basis for the submodule
 .L s F of M.A0
 .  .Proof. a Assume, on the contrary, that the procedure 2.29 is infinite.
Then there exists a j, 1 F j F t, for which G is infinite. It follows thenj
that there is a sequence
g , g , . . . , g , . . . ,1 2 k
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 .such that g g L, and in g s W y , for some W g N . Note that the setk k k j k 0
G l F is finite, since F is finite, so for some k G 1, one has G l F :j 0 j
 4f , . . . , f . By construction, for k ) k , each g is in normal form mod1 k 0 k0
g , g , . . . , g . In particular, for k ) k , an equality W s a)W , with1 2 ky1 0 k i
 .i F k , a g N , is impossible. This contradicts 2.25 , since by hypothesis0 0
 .N is left Noetherian. We have proved a . Let G be the set of elements in0
 .M obtained by the procedure 2.29 . Clearly, G is finite. It follows from
 .  .2.16.ii and 2.18 that G ; L, and since, by construction, F : G, the set
G generates L as a left A -module. Note that our procedure comes to an0
 .end iff for any pair f , g g G the S-form LS f , g can be reduced to zero
 .with respect to G, Thus 2.22.v is true, so G is a Groebner basis. Q.E.D.
It is natural to consider the question of existence and uniqueness of
some kind of minimal Groebner basis for a given submodule L.
 .2.31 DEFINITION. Consider a partial ordering ; on the K-basis B of
M defined as follows: for b , b g B one has b ; b iff b s W ? b , for1 2 1 2 2 1
 4some monomial W g N _ 1 .0
It follows from Definitions 2.8 and 2.31, and from 2.27, that
 .  .  .2.32 Remark. i The inequality b ; b implies b $ b . ii The1 2 1 2
ordering ; on B satisfies the decreasing chain condition on elements and
any non-empty subset of B has a ; -minimal element.
 .2.33 DEFINITION. Let L be a submodule of M and let F be a
Groebner basis of L. We say that F is a reduced Groebner basis of L iff
 .  .any f g F can be presented as f s b q h, where b s in f , in h $ b, are
 .such that b is minimal, with respect to ; , in the set in F , and h is
  4.normal form mod F _ f .
Now we shall formulate a result which is analogous to a theorem of
 w x.Latyshev cf. Lat , proved for an algebra A and an A-module M as in
 .2.7 . Latyshev's argument can be easily modified to prove the following
proposition.
 .2.34 PROPOSITION. Let A be a strictly ordered algebra with a set of0
normal monomials N . Let M be a free left A -module with a basis Y o¨er A0 0 0
 .and a K-basis B as in 2.5 . Suppose that $ is an A -admissible good0
ordering on the set B. Then any submodule L of M has a uniquely determined
reduced Groebner basis.
 .2.35 An analogous strategy can be pursued in studying Groebner bases
for right modules over a strictly ordered algebra.
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3. CYCLIC CONDITIONS
All conventions and definitions made in the Introduction will be in
 :force. Throughout the paper we assume that the ordering fixed on X is
the deg]lex ordering -#. We show that for a binomial skew polynomial
 :  .ring A s K X r F there are some interesting dependencies among the
relations F of A. We call them cyclic conditions. Throughout the section
we shall assume that
 .  :  .3.1 n G 3, A s K x , . . . , x r F is a binomial skew polynomial ring1 n
 4with a set of defining relations F s x x y c u ¬ 1 F i - j F n , andj i i j i j
there is an equality of sets:
) u ¬ 1 F i - j F n s x x ¬ 1 F i - j F n . 4  4 . i j i j
 :  .A* s K X r F* is the associated to A semigroup algebra, defined in
 .  4  .1.11.3 , with F* s x x y u ¬ 1 F i - j F n . N, ) is the semigroup ofj i i j
normal monomials. We associate to the set of relations F of A a set of
semigroup relations
G s G F s x x s u ¬ 1 F i - j F n . 4 . j i i j
 .  :  .3.2 LEMMA. Let A s K X r F be a binomial skew polynomial ring
  ..  :  .not necessarily with condition ) , A* s K X r F* the associated to A
 .algebra. Let N, ) be the semigroup of normal monomials. Then
 .a there is a semigroup isomorphism
 :N f x , . . . , x ¬ x x s u , 1 F i - j F n ;1 n j i i j
 . w xb the algebra A* is isomorphic to the semigroup algebra K N .
w x We shall refer to Berg for definitions of reductions or replacements;
w x.cf. Art-Sch . For our purposes it will be more convenient to consider
 :reductions in K X determined by the set F* instead of F. Recall that a
 .  . reduction determined by F* R s R ¨ , j, i, w 1 F i - j F n, ¨ , w gF*
 :.  :  .X is the K-linear operator on K X defined as R ¨x x w s ¨u w,j i i j
 .  :R t s t, for all t g X , t / ¨x x w. Clearly, the restriction of anyj i
 .  :reduction R s R ¨ , j, i, w on X can be considered as a replacementF*
 .  :r s r ¨ , j, i, w , in the free semigroup X which transforms ¨x x w intoG j i
¨u w.i j
 .  :3.3 For arbitrary monomials ¨ and w in X , we write
w x¨ x x w ª ¨ u w .j i i j
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to indicate that we have replaced the monomial x x by u , or equivalentlyj i i j
by x ) x . We shall also writej i
¨ ª u
 :to indicate that u / ¨ and there exists a replacement r in X such that
 .  .  .r ¨ s u, r w s w, for all w g N, w / ¨ . It follows from ) that if
1 F i - j F n then there exists a unique replacement ¨ ª x x , wherei j
¨ s x x , for some 1 F q - p F n.p q
Since F is a Groebner basis, it is clear that F* is a Groebner basis as
 .well, and for any triple i, j, k, 1 F i - j - k F n, one has x ) x ) x sk j i
 .  :x ) x ) x ; that is, the two possible ways of straightening x x x in X ,k j i k j i
w xx x x ª u ? x ª ??? ª w .k j i jk i
and
w xx x x ª x u ª ??? ª w , .k j i k i j
where w g N, give the same result. Thus the set of replacements, defined
by G,
w xx x ª u ¬ 1 F i - j F n , 4j i i j
 :gives a straightening law in the free semigroup X . It is clear that
 .  .3.4 If y, z, t, y , z , t g X, then a any replacement of the type1 1 1
 .y z t ª yzt implies y ) z ) t s y) z) t; b a replacement y z ª yz1 1 1 1 1 1 1 1
 .or equivalently y ) z and y ) z s yz g N implies y ) y.1 1 1 1 1
 .  .3.5 LEMMA. Under the assumptions 3.1 let 1 F r - t F n, and let
 .w s x x x or w s x x x . Then there exist an integer k s k w and a0 r r t 0 r t t 0
 :finite sequence of monomials w , w , . . . , w g X _ N and replacements1 2 k
w ª w ª ??? ª w ª w 3.6 .k ky1 1 0
 :in X with the following properties:
 .a For each i - k there exists a uniquely determined monomial w / wi
such that w ª w . We denote w by w ,i iq1
 .  :b For each i, 0 - i, there exists a unique replacement in X , which
changes the monomial w and this is w ,i iy1
 .c No replacement of the type w ª w is possible, i.e., w s x x xk k a b c
for some a, b, c, such that n G a G b G c G 1,
 .  :d If w g X _ N is a monomial, such that there exists a sequence of
replacements
w s w  s. ª w  sy1. ª ??? ª w 1. ª w 3.7 .0
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 .  .  j.then 3.7 is a subsequence of 3.6 , i.e., s F k and w s w for all j,j
1 F j F s.
Proof. Let w s x x x . In the case w s x x x one can use an0 r r t 0 r t t
.  .analogous argument. By hypothesis we have r - t, and it follows from )
that there exists a uniquely determined pair i , j , 1 F i - j F n, such1 1 1 1
that x ) x s x x . Thus for w s x x x we can writej i r t 1 r j i1 1 1 1
w xw s x x x ª x x x s w . .1 r j i r r t 01 1
It is clear that there are no monomials w / w such that w ª w . Two1 0
 .  .  .cases are possible: i r G j ; and ii r - j . In case i no further replace-1 1
ments w ª w are possible and the lemma is true, with k s 1. Assume1
now that r - j . Then there exists a uniquely determined monomial w1 2
such that w ª w . It is clear that w s x x x , where 1 F i - j ,2 1 2 j i i 2 22 2 1w x  .x ) x s x x , and the replacement is w s x x x ª x x x s w .j i r j 2 j i i r j i 12 2 1 2 2 1 1 1
 .Further we can proceed in a similar way as long as this is possible ,
replacing alternatively at any step either the rightmost or the leftmost
segment of length two, to obtain a sequence of monomials w , w , . . . ,1 2
 :w , . . . g X _ N and replacementsi
??? ª w ª w ª ??? ª w ª w 3.8 .i iy1 1 0
 :  .  .in X with the properties a and b . We must prove that this procedure
will stop in finitely many steps. Let us consider more precisely what is
 .going on in 3.8 . Suppose w s x x x , for i G 1. It can be easily seeni a b ci i i
 .that: 1 if i is odd then the replacement w ª w is of the typei iy1
w xx x x ª x x x , 3.9 .  .a b c a b ci i i iy1 iy1 iy1
where a s a , 1 F c - b F n, 1 F b - c F n, and x ) x si iy1 i i iy1 iy1 b ci i
 .x x ; 2 if i is even then the replacement w ª w is of the typeb c i iy1iy1 iy1
w xx x x ª x x x , .a b c a b ci i i iy1 iy1 iy1
where c s c , 1 F b - a F n, and x ) x s x x g N. Thus, byi iy1 i i a b a bi i iy1 iy1
 .3.4b one has
n G a ) a .i iy1
It follows then that in finitely many steps we shall obtain a monomial wk
 .k F 2n such that no replacement of the type w ª w exists. Hencek
 .w s x x x for some a, b, c, n G a G b G c G 1, and c is proved. It cank a b c
 .be easily seen that d is also true. Q.E.D.
TATIANA GATEVA-IVANOVA728
 .3.10 COROLLARY. If n G k ) j ) i G 1 then equalities of the type
x ) x ) x s x x x g N or the type x ) x ) x s x x x g N are impossible.k j i r r t k j i r t t
Proof. Let w s x x x . Note first thatk j i
 .3.11 there exist exactly two replacements, which act nontrivially on w;
w xx x x ª u x s w9, u s x x , j9 - k ,k j i jk i jk j9 k 9
and
w xx x x ª x u s w0 .k j i k i j
Clearly w9 / w0.
Assume now that for some r - t and for w s x x x or w s x x x ,0 r t t 0 r t t
one has x ) x ) x s w . Then by Lemma 3.5 there exists a sequence ofk j i 0
replacements
w s w  s. ª w  sy1. ª ??? ª w 1. ª w . 3.11 9 .0
 .  .  .Now 3.11 9, 3.5.d , and 3.5.b give a contradiction. Q.E.D.
 .3.12 LEMMA. Let 1 F i - j F n and let x ) x s x x g N. Thenj i i9 j9
 .  .  .a i9 - j9; b i9 - j; c i F j9.
We shall prove later that there is a strict inequality i - j9.
 .  .  .  .Proof. Conditions a and b follow from ) and 3.4b . We must show
that i F j9. Assume the contrary, i ) j9. Then for the triple j ) i ) j9 one
has
x ) x ) x s x ) x ) x s x x ) x s x x x g N , .  .j i j9 j i j9 i9 j9 j9 i9 j9 j9
which contradicts Corollary 3.10. Q.E.D.
 .  :  .3.13 DEFINITION. Let A s K X r F be a binomial skew polyno-
mial ring with a set of defining relations F and a semigroup of normal
 .monomials N, ) . Let k, j be a pair of integers, 1 F k - j F n. We say
that
 .a the pair k, j satisfies an interior cyclic condition if
 .3.14 there exist a p, k - p F n, and a finite sequence of integers
 .k, k , . . . , k s - j , such that the following equalities hold:1 s
x ) x s x x ,j k k p1
x ) x s x x ,j k k p1 2
??? ??? ??? ??? ???
x ) x s x x .j k k ps
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The integers p, k , . . . , k depend on k and j, and 1 F k - j, k - p for1 s i i
all i.
 .b the pair k, j satisfies an exterior cyclic condition if
 .3.15 there exist an r, 1 F r - j, and a sequence of integers j,
 .j , . . . , j t - n y k , such that the following equalities hold:1 t
x ) x s x x ,j k r j1
x ) x s x x ,j k r j1 2
??? ??? ??? ??? ???
x ) x s x x .j k r jt
The integers r, j , . . . , j depend on k and j, and k - j F n, r - j , for1 t i i
all i.
 .   ..  .c A or equivalently N, ) satisfies the interior resp. exterior
cyclic condition if any pair k, j with 1 F ki - j F n satisfies an interior
 .resp. an exterior cyclic condition.
 .  :  .3.16 THEOREM. Let A s K x , . . . , x r F be a binomial skew poly-1 n
 4nomial ring with a set of defining relations F s x x y c u ¬ 1 F i - j F n ,j i i j i j
 .and a semigroup of normal monomials N, ) . Suppose F is square free and
all u are pairwise distinct. Then A satisfies the interior and the exterior cyclici j
conditions.
 .The proof of the theorem is given in 3.58 . We start with additional
technical results, assuming that the hypotheses of Theorem 3.16 are in
force.
 .  .3.17 LEMMA. 1 Let 1 - j F n, and suppose that x ) x s x x , forj 1 r q
some r, q, 1 F r - q F n. Then there exists a p, p ) r, such that x ) x sp 1
x x .r j
 .  .2 The exterior cyclic condition 3.15 is satisfied for all pairs k, j with
k s 1 and 1 - j F n.
 .3 Let 1 F k - n, and suppose that x ) x s x x , for some r, q, 1 Fn k r q
r - q F n. Then there exists an i, i - q, such that x ) x s x x .n i k q
 .  .4 The interior cyclic condition 3.14 is true for all pairs k, j with j s n,
1 F k - n.
 .Proof. 1 Let x ) x s x x , for some r, q, 1 F r - q F n. It followsj 1 r q
 .from ) that there exist p and k such that 1 F k - p F n and x ) x sp k
x x . We must show that k s 1. Assume on the contrary that k ) 1.r j
 .  .Then for the triple j ) k ) 1 one has x ) x ) x s x x ) x s x )p k 1 r j 1 r
 .x ) x s x x x g N, a contradiction with Corollary 3.10, which provesj 1 r r q
 .1 .
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 . 0.  .2 Beginning with j s j and applying 1 we can define a sequence of
pairwise distinct integers
j 0. , j 1. , . . . , j  s. ,
such that
x  iq1.) x s x x  i.j 1 r j
for 0 F i - s, and
x 0.) x s x x  s. .j 1 r j
 s.  sy1. 1.  .Now for j s j , j s j , . . . , j s j the pair j, 1 satisfies 3.15 .1 2 s
 .3 Suppose x ) x s x x , for some r, q, 1 F r - q F n. Clearly, theren k r q
exist p and t such that 1 F t - p F n, and x ) x s x x . We must showp t k q
that p s n. Assume on the contrary that p - n. Then it can be easily seen
that for the triple n ) p ) t one has x ) x ) x s x x x , which againn p t r q q
gives a contradiction with Corollary 3.10.
0. 1.  .Now starting from k s k and k s 1 one can apply 3 to construct a
sequence of pairwise distinct integers k 0., k 1., . . . , k m., such that
x ) x  iq1. s x  i. x ,n k k q
for 0 F i - m, and
x ) x 0. s x m . x .n k k q
The lemma has been proved.
 .  :  .3.18 LEMMA. Let A s K X r F be a binomial skew polynomial ring
 .  .  .with ) . Then the following conditions are equi¨ alent: 1 A resp. N
 .  .satisfies the exterior cyclic condition; 2 A resp. N satisfies the interior
cyclic condition.
Note that the exterior cyclic condition on A implies the same condition
on the opposite ring Aop, so it is not a priori clear that the exterior and
interior conditions on A are equivalent.
 .  .Proof. 1 « 2 Suppose A satisfies the exterior cyclic condition. We
shall use decreasing induction on j to prove that an interior cyclic
 .condition 3.14 holds for any pair k, j, with 1 F k - j F n. Step 1: j s n.
Lemma 3.17.4 shows that an interior cyclic condition is satisfied for any
 .pair k, j with j s n and 1 F k - n. Step 2: Let j - n. Assume that 3.140
is satisfied for any pair k, j, such that n G j ) j , and 1 F k - j. Let k be0
an integer, 1 F k - j . Suppose that0
x ) x s x x , 3.19 .j k k p0 1
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for some k , p, 1 F k - p F n. Obviously, if k s k, the pair k, j satisfies1 1 1 0
 .3.14 . Assume now that k / k. We claim that1
 .3.20 there exists a k9, 1 F k9 - j , such that x ) x s x x .0 j k 9 k p0
 .Indeed, it follows from ) that there exist k9 and j with 1 F k9 - j - n
such that
x ) x s x x . 3.21 .j k 9 k p
We must show that j s j . Assume on the contrary that j / j . Two cases0 0
 .  .are possible: a j - j , and b j ) j .0 0
 .Case a . j - j . Consider the equalities0
x ) x ) x s x ) x x s x ) x ) x s x x x . .  .j j k 9 j k p j k p k p p0 0 0 1
Now we have
x ) x ) x s x x x g N , j ) k9,j j k 9 k p p0 1
which contradicts Corollary 3.10; thus j - j is impossible.0
 .Case b . j ) j . It follows then by the inductive assumption that the0
 .  .interior cyclic condition 3.14 holds for the pair k9, j, so, from 3.21 one
obtains
x ) x s x x , 3.22 .j k u p
for some u, 1 F u - p. The exterior cyclic condition on A satisfied by
.  .hypothesis and 3.22 imply
x ) x s x x , 3.23 .p k u p9
 .for some p9, u - p9. It follows from 3.19 and the exterior cyclic condition
again that
x ) x s x x , 3.24 .p k k p01
 .  .for some p0, k - p0. Now 3.23 and 3.24 give k s u. It follows then1 1
 .  .from 3.22 and 3.19 that
x ) x s x x s x ) x ,j k k p j k1 0
 . which implies j s j , a contradiction. We have proved 3.20 . Now in the0
.  .case k / k one can apply 3.20 to construct a sequence of pairwise1
distinct integers k 0. s k, k 1., . . . , k  s., such that
x ) x  iq1. s x  i. x ,j k k p0
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for all i, 0 F i - s, and
x ) x 0. s x  s. x .j k k p0
 .  .The implication 1 « 2 has been proved.
One can use induction on k and an analogous argument to prove that
the interior cyclic condition on A implies an exterior cyclic condition
 .  .  .3.15 for any pair k, j, with 1 F k - j F n; hence 2 « 1 . Q.E.D.
In order to prove that A satisfies the exterior cyclic condition we need
the following lemma.
 .3.25 INDUCTIVE LEMMA. With the assumption as in Theorem 3.16, let k0
be an integer, 1 - k F n, such that for any pair k, j with k - k , and0 0
 .1 F k - j F n, the exterior cyclic condition 3.15 holds. Then the exterior
 .cyclic condition 3.15 is satisfied for k s k and arbitrary j, n G j ) k .0 0
 .The proof of the Inductive Lemma is given in 3.56 . First, we need
additional statements. From now on we shall assume that the hypotheses
 .of Lemma 3.25 are satisfied. It follows immediately from 3.15 that
 .  .3.26 LEMMA. 1 Let i F k , let ¨ , ¨ - i. Suppose0 1 2
x ) x s x x , x ) x s x x ,i ¨ r m i ¨ r m1 1 1 2 2 2
for some r , r , m , m , such that r - m , and r - m . Then r s r if and1 2 1 2 1 1 2 2 1 2
only if ¨ s ¨ .1 2
 .2 If a - i F k , then there exists a ¨ , ¨ - i, such that x ) x s x x , for0 i ¨ a m
some m, m ) a, ¨ .
 .Proof. 1 Assume that r s r s r. We must prove that ¨ s ¨ .1 2 1 2
Clearly, our assumption gives
x ) x s x x , x ) x s x x .i ¨ r m i ¨ r m1 1 2 2
 .Applying 3.15 to the last two equalities, one can find some integers a and
b, ¨ - a F n, ¨ - b F n, such that x ) x s x x and x ) x s x x .1 2 a ¨ r i b ¨ r i1 2
 .  .Condition ) now gives a s b and ¨ s ¨ , which proves 1 .1 2
Now consider the equalities
x ) x s x x , . . . , x ) x s x x ,i iy1 a m i 1 a miy1 iy1 1 1
 .where all monomials x x , 1 F p F i y 1, are normal. Clearly, 1 showsa mp p
 .that all a 's are pairwise distinct, so 2 is also true. Q.E.D.p
 .3.27 LEMMA. Let 1 F i - j F n, i F k . Suppose x ) x s x x g N.0 j i i9 j9
Then j9 ) i.
Proof. It follows from Lemma 3.12 that j9 G i, so we need only show
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that j9 / i. Assume, on the contrary, that j9 s i. Then x ) x s x x , withj i i9 i
i9 - i. Now by Lemma 3.26.2 there exist ¨ , ¨ - i, such that x ) x s x x ,i ¨ i9 m
for some m, m ) i9, ¨ . Now, for the triple j ) i ) ¨ we have the equalities
x ) x ) x s x x ) x s x ) x ) x s x x x , .  .  .j i ¨ i9 i ¨ i9 i ¨ i9 i9 m
 .a contradiction with 3.10 . Q.E.D.
The following lemma gives ``mini-interior cyclic conditions'' for all pairs
 .m , j 1 F m - j F n , provided that x ) x s x x g N with t F k .0 0 j m m t 00 1
 .3.28 LEMMA. Let t F k . Then0
 .3.29 for any triple j, m , m , with 1 F m , m - j, and m , m - t, the0 1 0 1 0 1
equality x ) x s x x implies x ) x s x x , for some m, m - t.j m m t j m m t1 0 0
Proof. We shall use decreasing induction on j.
 .1. j s n. We have proved cf. Lemma 3.17.4 that the interior cyclic
condition is true for all pairs k, j with j s n; thus x ) x s x x impliesn m m t1 0
x ) x s x x , for some m, m - t.n m m t0
 .2. Suppose 3.29 is true for all j ) j . Let m , m be integers such0 0 1
that 1 F m , m - j , m , m - t, and0 1 0 0 1
x ) x s x x . 3.30 .j m m t0 1 0
We shall prove that x ) x s x x , for some m, m - t. Clearly, nothingj m m t0 0
need be proved in the case m s m . Further we shall assume that0 1
m / m . 3.31 .0 1
Note first that the hypothesis of the lemma imply m , m - k ; thus the0 1 0
 .exterior cyclic condition holds for the pair m , j , and 3.30 gives that1 0
x ) x s x x , 3.32 .t m m ¨1 0
for some ¨ , ¨ ) m , m . Now we construct a sequence of pairs0 1
j , m , j , m , . . . , 3.33 .  .  .1 2 2 3
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where m - t, m - j for all i ) 1 such thati i iy1
x ) x s x xj m m t1 2 1
x ) x s x xj m m t2 3 2
3.34 .??? ??? ???
x ) x s x xj m m ti iq1 i
??? ??? ???
  .  ..The existence of the sequence 3.33 follows from ) . We shall now
 .consider some properties of 3.33 .
 .  .i m / m . Indeed, the equality m s m and 3.34 give x )2 1 2 1 j1
x s x x . Then the exterior cyclic condition for the pair m , j impliesm m t 1 11 1
that x ) x s x x , for some m9, m9 ) m , m9 ) m , which togethert m m m9 0 11 1
 .with 3.32 gives m s m , a contradiction.1 0
 .ii For 1 - a - b one has m / m . Assume the contrary. Letb a
b G 2 be the smallest integer such that m s m , for some a - b. Itb a
 .  .follows from i that a G 2. By our assumption and by 3.34 one has
x ) x s x ) x s x x ;j m j m m tby 1 a by1 b by1
thus by the exterior condition for m , j there is an equalitya by1
x ) x s x x , 3.35 .t m m ua by1
 .for some u ) m . By 3.34by1
x ) x s x x ,j m m tay 1 a ay1
which implies
x ) x s x x , 3.36 .t m m ¨a ay1
 .  .for some ¨ ) m . It follows then from 3.35 and 3.36 that m say1 by1
 .m , a contradiction with the choice of b, which proves ii .ay1
 .It is clear then since m - t for all i's that for some s, s F t, there isi
 .an equality m s m ; thus the sequence 3.33 is finite,sq1 0
j , m , j , m , . . . , j , m , j , m , .  .  .  .1 2 2 3 sy1 s s 0
and there is an equality
x ) x s x x . 3.37 .j m m ts 0 s
 .iii j F j F ??? F j F j . Assume the contrary, that for some i,0 1 sy1 s
 .1 F i F s, a strict inequality j ) j holds. It follows from 3.34 thatiy1 i
x ) x ) x s x ) x ) x s x x x .j j m j m t m t tiy1 i iq1 iy1 i iy1
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Thus for the triple j ) j ) m one has x ) x ) x s x x x ,iy1 i iq1 j j m m t tiy1 i iq1 iy1
 .  .a contradiction with 3.10 , which proves iii .
 .iv j s j s ??? s j s j . Assume the contrary. Take the small-0 1 sy1 s
 .est i, i G 1, such that j / j . It follows from iii that j ) j ; thusi iy1 i 0
 .the inductive assumption 3.29 is true for j s j . Then the equality x )i ji
x s x x impliesm m tiq1 i
x ) x s x x , 3.38 .j m m ti i
for some m, m - t. By hypothesis, t F k ; thus m - k and the exterior0 i 0
cyclic condition holds for the pair k, j, where k s m , j s j . It follows theni i
 .from 3.38 that
x ) x s x x 3.39 .t m m t 9i
for some t9 ) m. Consider the equality
x ) x s x x . 3.40 .j m m tiy1 i iy1
This time the exterior cyclic condition gives
x ) x s x x .t m m t 0i iy1
 .The last equality, together with 3.39 , gives m s m . It follows theniy1
 .  .from 3.38 and 3.40 that
x ) x s x x s x ) x .j m m t j mi i iy1 iy1 i
This is impossible, since by our assumption j / j . The contradictioni iy1
 .  .gives j s j , which proves iv . It follows now from 3.37 thats 0
x ) x s x x . Q.E.D.j m m t0 0 s
 .3.41 LEMMA. Under the hypothesis of Lemma 3.25, let k - j F n, and0
suppose that x ) x s x x for some r, q, with 1 F r - q F n. Then therej k r q0
exists a j , j ) k , such that x ) x s x x .1 1 0 j k r j1 0
Proof. Clearly, there exists a pair j , k, 1 F k - j F n, such that1 1
x ) x s x x . 3.42 .j k r j1
We must prove that k s k . Assume the contrary. Two cases are possible:0
 .  .a k ) k ; and b k - k . Suppose k ) k . Now for the triple j ) k ) k0 0 0 1 0
the following equalities are satisfied:
x ) x ) x s x ) x ) x s x x x .j k k r j k r r q1 0 0
 .  .This gives a contradiction with 3.10 ; thus a is impossible.
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Suppose now that k - k . Then one has0
x ) x s x x 3.43 .t k k k1 1 0
for some t , k , with 1 F k - t F n. It follows from Lemma 3.27 that1 1 1 1
k - k .1 0
Consider the replacements
w x w x w xx x x ª x x x s x x x ª x x x s x x x ª x x x . .  .j t k j k k j k k r j k r j k r r q1 t 1 1 0 1 0 0 0
3.44 .
 .It follows from 3.10 that the inequality j ) t is impossible. We shall1 1
 .show that t ) j . Indeed, if we assume t s j , then 3.43 gives1 1 1 1
x ) x s x x .j k k k1 1 0
It follows then from Lemma 3.28 that
x ) x s x x 3.45 , .j k m k1 0
 .  .for some m, m - k . Now 3.42 and 3.45 give x ) x s x x s x x ;0 j k r j m k1 0
thus j s k , which is a contradiction, since by the hypothesis of the lemma,0
k - j. We have shown that t / j , and j s t ; thus the only possible case0 1 1 1 1
 .is t ) j . It follows then that the sequence of replacements 3.44 can1 1
be ``extended'' to the left. Applying an analogous argument we shall
 .define recursively an infinite sequence of monomials of length 3 and
replacements
??? ª w ª w ª w ª ??? ª w ª w ª w ª w . 3.46 .2 sq2 2 sq1 2 s 3 2 1 0
First, we set
w s x x x , w s x x x , w s x x x ,0 r r q 1 r j k 2 j k k0 1 0
w s x x x , w s x x x ,3 j t k 4 j ry2 k1 1 1 2 1
where j ) r and x ) x s x x .2 2 j r j t2 2 1 1
Assume now that we have found monomials and replacements
w ª w ª ??? ª w ª w , 3.47 .2 s 2 sy1 1 0
such that for 1 - i F s one has
w x w xw s x x x ª w s x x x ª w s x x x ,2 i j r k 2 iy1 j t k 2 iy1. j r ki i iy1 iy1 iy1 iy1 iy1 iy1 iy2
3.48 .
and the following relations hold:
k - k , k - t , r - k , r - j F n , t - j , j ) ji 0 i i i iy1 i i i i i iy1
3.49 .
x ) x s x x , x ) x s x x . 3.50 .t k r k j r j tiy1 iy1 iy1 iy2 i i iy1 iy1
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 .  .  .We shall now find w , and w , so that 3.48 , 3.49 , and 3.50 hold2 sq1 2 sq1.
for i s s q 1. The inequality r - k implies that there exist t and k ,s sy1 s s
k - t F n, such thats s
x ) x s x x . 3.51 .t k r ks s s sy1
We set w s x x x . Clearly, there exists a replacement2 sq1 j t ks s s
w xw s x x x ª x x x s w , .2 sq1 j t k j r k 2 ss s s s s sy1
 .  .which together with the sequence 3.47 and 3.4.a gives
x ) x ) x s x x x . 3.52 .j t k r r qs s s
 .We claim that t / j . Indeed, if t s j then it follows from 3.51 thats s s s
x ) x s x x , 3.53 .j k r ks s s sy1
and since k F k , one can apply Lemma 3.28 to obtainsy1 0
x ) x s x x , 3.54 .j r u ks s sy1
 .  .for some u - k . But 3.48 and 3.49 givesy1
x ) x s x x , k - t . 3.55 .j r j t sy1 sy1s s sy1 sy1
 .  .It follows from 3.54 and 3.55 that there is an equality of normal
monomials x x s x x , which is impossible, since k - t . Weu k j t sy1 sy1sy 1 sy1 sy1
proved that t / j . If we assume now that j ) t , then j ) t ) k ands s s s s s s
 .  .3.52 gives a contradiction with 3.10 . We have proved that
j - t ;s s
thus a monomial w can be found such that2 sq1.
w xw s x x x ª x x x s w , .2 sq1. j r k j t k 2 sq1sq 1 sq1 s s s s
with
x ) x s x x , j ) r .j r j t sq1 sq1sq 1 sq1 s s
It is not difficult to see that r / k . Corollary 3.10 implies that r s k ;sq1 s sq1 s
thus, the only possible case is r - k . Thus the process of constructingsq1 s
 .new terms w in the sequence 3.46 can be continued infinitely. Consideri
now the equality x ) x s x x g N. It follows from Lemma 3.4.b thatj r j tsq 1 sq1 s s
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j ) j for all s G 1, and since j F n for all s, the process of construct-sq1 s s
ing new monomials w and replacements w ª w will stop in at most 2ni i iy1
steps, which gives a contradiction. Thus the assumption k - k is false and0
Lemma 3.41 has been proved.
 .3.56 Proof of the Inducti¨ e Lemma 3.25. Let j be an integer, k - j F0
n. Suppose
x ) x s x x .j k r j0 1
We shall find a finite sequence of integers j s j, j , . . . , j t s 0 is also0 1 t
.  .  .possible such that 3.15 holds for k s k . Nothing need be proved if0
j s j; in this case t s 0. Suppose now that j / j.1 1
By Lemma 3.41 one can find a sequence of pairwise distinct integers
j 0. s j, j 1. , . . . , j  t . ,
such that t F n y k , and0
x  iq1.) x s x x  i. ,j k r j0
for 0 F i - t, and
x ) x s x x  t . .j k r  j .0
 .  t .  ty1.It follows then that 3.15 holds for the sequence j s j , j s j , . . . ,1 2
j s j 1.. The Inductive Lemma has been proved.t
 .3.57 COROLLARY. A satisfies the exterior cyclic condition.
Proof. We use induction on k to prove that the exterior cyclic condi-
 .tion 3.15 is satisfied for any pair k, j with 1 F k - j F n. Step 1: k s 1.
 .Lemma 3.17.2 shows that 3.15 is satisfied for any pair k, j with k s 1 and
 .1 - j F n. Step 2: Let k ) 1. Assume that 3.15 is satisfied for any pair0
k, j, such that k - k and 1 F k - j F n. Then the Inductive Lemma 3.250
shows that an exterior cyclic condition is satisfied for any pair k, j, with
k s k . Q.E.D.0
 .   ..3.58 Proof of Theorem 3.16. We have proved cf. Corollary 3.57 that
the assumptions of the theorem imply the exterior cyclic condition on A.
It follows then from Lemma 3.18 that A satisfies the interior cyclic
condition. Q.E.D.
 .  :  .3.59 COROLLARY. Let A s K x , . . . , x r F be a binomial skew1 n
 .polynomial ring with condition ) . Let P s n!. Then for any pair of integers
j,k, 1 F k - j F n, one has:
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 .  .  . P P1 Left multiplication on P-monomials . a x ) x s x x , for somej k k q
 . P Pq ) k; b there exists an r, r ) k, such that x ) x s x x .r k k j
 .  .  . P P2 Right multiplication on P-monomials . a x ) x s x ) x , forj k r j
 . P Psome r - j; b there exists an i - j, such that x ) x s x x .j i k j
 .3 If a g N is an arbitrary monomial, and W is a monomial of the
form W s x c1 P . . . x cn P, where c G 0 are integers, then there exist monomials1 n i
W s x t1 P . . . x tn P, W s x q1 P . . . x qn P, with t and q non-negati¨ e integers,1 1 n 2 1 n i i
such that a)W s W ) a and W ) a s a)W .1 2
 . P P P P4 x ) x s x ) x , or equi¨ alentlyj k k j
x P( x P s a x P x P , 3.60 .j i i j i j
 4for some a g K _ 0 . All a 's are monomials in c , 1 F p - q F n.i j i j p q
Q.E.D.
4. GROEBNER BASES FOR ONE-SIDED IDEALS IN
BINOMIAL SKEW POLYNOMIAL RINGS WITH
 .CONDITION )
 .In this section A is a binomial skew polynomial ring with condition ) ;
thus by Theorem 3.16, A satisfies the interior and exterior cyclic condi-
tions. All conventions and definitions from Section 3 will be in force.
 .  :  .4.1 THEOREM. Let A s K X r F be a binomial skew polynomial
 .  .ring with condition ) , let N, ) be the semigroup of normal monomials.
 .Then the semigroup N, ) can be ordered by some linear ordering $ ,
compatible with the multiplication ), if and only if it is isomorphic to the free
commutati¨ e semigroup with n generators. In this case the set of defining
 4relations F of A is of the type F s x x y c x x ¬ 1 F i - j F n .j i i j i j
Proof. Recall that by Lemma 3.2 there is a semigroup isomorphism
 :N , ) f x , . . . , x ¬ x x s u , 1 F i - j F n . . 1 n j i i j
 .Therefore N, ) is commutative iff x ) x s x x , or equivalently u sj i i j i j
x x , for all i, j, 1 F i - j F n. It is clear thati j
 .  .4.2 if N, ) is commutative then it is isomorphic to the free commuta-
tive semigroup with n generators and the deg]lex ordering on N is
compatible with the multiplication ).
Suppose now that there exists a linear ordering $ on N, compatible
with the multiplication ). We must prove that x ) x s x x for all k, j,j k k j
1 F k - j F n.
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Let k, j be a pair of integers with 1 F k - j F n. Suppose x ) x s x xj k k j1 1
for some k and j , 1 F k - j F n.1 1 1 1
 .1 We shall prove that k s k . Assume the contrary. Then, by the1
 .interior cyclic condition 3.14 there exists a finite sequence of pairwise
 .distinct integers k s k, k , . . . , k 1 F s - j , such that the following0 1 s
equalities hold:
x ) x s x x ,j k k j0 1 1
x ) x s x x ,j k k j1 2 1 4.3 .
??? ??? ??? ??? ???
x ) x s x x .j k k js 0 1
 .Since $ is a linear ordering, two cases are possible: a x $ x ; andk k1 0
 .  .b x $ x . Suppose a x $ x . We claim thatk k k k0 1 1 0
 .4.4 x $ x for all i, 1 F i - s.k ki iy1
 .We prove 4.4 by induction on i. Clearly, the claim is true for i s 1.
Assume now that for some i, s ) i G 1, there is an inequality x $ x . Itk ki iy1
then follows, since $ is compatible with the multiplication ), that
 .x ) x $ x ) x . Now the equalities 4.3 givej k j ki iy1
x x s x ) x $ x ) x s x x .k j j k j k k jiq1 1 i iy1 i 1
 .It then follows that x $ x and 4.4 is true. In particular, one hask kiq1 i
x $ x . 4.5 .k ks 0
 .It follows from 4.5 that
x ) x $ x ) x . 4.6 .j k j ks 0
 .  .But from 4.3 we have x ) x s x x , and x ) x s x x . Now 4.6j k k j j k k js 0 1 0 1 1
gives x x $ x x ; thus x $ x , a contradiction with our assumption.k j k j k k0 1 1 1 0 1
 .This proves that case a is impossible.
 .An analogous argument shows that b is also impossible. We have
proved that x ) x s x x , for some j , k - j F n.j k k j 1 11
 .2 The proof of the theorem will be complete if we show that j s j.1
 .Assume the contrary. It follows from the exterior cyclic condition 3.15
that there exists a sequence of pairwise distinct integers j s j, j , . . . , j0 1 t
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 .1 F t - n y k , such that the following equalities hold:
x ) x s x x ,j k k j0 1
x ) x s x x ,j k k j1 2 4.7 .
??? ??? ??? ??? ???
x ) x s x ix .j k k jt 0
 .Now one can apply an argument analogous to that in 1 to show that both
case x $ x and case x $ x are impossible, which gives j s j. Q.E.D.j j j j 10 1 1 0
It is clear now that in the general case of binomial skew polynomial
rings A the well-known notion of Groebner basis does not fit. However,
we shall prove that A is a free module of finite rank over a strictly ordered
 .algebra, provided that A satisfies condition ) . Furthermore, one can
apply the results of Section 2 to propose a reasonable definition of
Groebner bases for one-sided ideals in A, so that an analogue of Bergman's
Diamond Lemma holds in A.
 .4.8 DEFINITION. P will denote the number n!. A normal monomial w
in A is a P-monomial, if w s x Pc1 ??? x Pcn , for some integers c , . . . , c ,1 n 1 n
c G 0. We shall denote by N the set of all P-monomials, and by A thei P P
linear span of all P-monomials over the field K.
 .  .  .  .4.9 LEMMA. 1 N , ) is a subsemigroup of N, ) and is isomorphicP
to the free commutati¨ e semigroup with n generators. In particular, N isP
Noetherian.
 .2 A is a subalgebra of A with a K-basis N .P P
 .Proof. 1 Corollary 3.59.4 shows that the product of two P-monomials
 .in N, ) is a P-monomial, and all P-monomials commute. Thus N is aP
subsemigroup of N and is commutative. One can easily see that N isP
isomorphic to the free commutative semigroup with n generators.
 .2 Again from Corollary 3.59.4, it follows that A is a subalgebra of A.P
Obviously all monomials in N are linearly independent over K.P
We shall prove that A is a solvable ring. Recall first a definitionP
convenient for our purposes.
 . w x  :  .4.10 DEFINITION K-R-W . A skew polynomial ring A s K X r F0 0
 .is sol¨ able with respect to -# iff the reduced Groebner basis F is of the0
form
F s x x y c x x y f ¬ 1 F i - j F n , 40 j i i j i j i j
 4where for 1 F i - j F n, c g K _ 0 , and either f s 0, or f is a lineari j i j i j
 .combination of ordered monomials of degree 2, or 0, and HM f -#-# i j
x x .i j
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 .  :  .4.11 PROPOSITION. Let A s K x , . . . , x r F be a binomial skew1 n
 .  .polynomial ring with condition ) . Then: 1 The subalgebra A generated byP
 :  .P-monomials is isomorphic to the sol¨ able ring K Y , . . . , Y r F , where1 n
F s Y Y y a Y Y ¬ 1 F i - j F n 4j i i j i j
 .is the reduced Groebner basis of the ideal F , and a are the non-zeroi j
 .  .coefficients which appear in 3.60 . 2 A is a left and right NoetherianP
domain.
 .Proof. Note first that the set F is a Groebner basis of the ideal F in
 : the free associative algebra K Y , . . . , Y with respect to the deg]lex1 n
 :.  :  .ordering on the semigroup Y , . . . , Y . Hence, B s K Y , . . . , Y r F1 n 1 n
 .is a solvable algebra in the sense of 4.10 .
 P P4Clearly the set x , . . . , x generates A as an algebra. It follows from1 n P
 . P PCorollary 3.59.4 that x , . . . , x satisfy the relations in F. Hence, the1 n
correspondence between the sets of generators Y ª x P, for 1 F j F n canj j
be extended to an epimorphism
 :f : K Y , . . . , Y ª A ,1 n
 .  .  .  .with F : Ker f . Assume that F / Ker f . Then some non-zero lin-
ear combination of P-monomials will be equal to zero in A . This isP
 .  .impossible, since all P-monomials are normal. Thus F s Ker f , and
 .A f B, which proves 1 .P
Our second assertion now follows from the fact that solvable rings are
w x  w x w x.left and right Noetherian domains K-R-W cf. also G-I1 , G-I2 .
We shall now give more definitions and notation.
 . 4.12 By -## we shall denote the arabic ordering i.e., the
 : .degree]lexicographic ordering on X but reading from right to left ,
 .  .which is defined as follows: 1 x -## x -## ??? -## x ; 2 for u, ¨1 2 n
 :g X , one has u -##¨ , iff either deg u - deg ¨ , or u s x ??? x ,i i1 k
¨ s x ??? x , and i s j , . . . , i s j , i - j , for some m,j j k k kymq1 kymq1 kym kym1 k
0 F m - k.
Clearly, both -# and -## induce good orderings on the set N of
ordered monomials. Theorem 4.1 shows that in general neither -# nor
-## agrees with the operation ) in N. However, it turns out that the
P-monomials have the special property to preserve the left lexicographic
ordering -# on N in the case of multiplication from the left side and the
arabic ordering -## in the case of multiplication from the right one.
More precisely, the following lemma holds:
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 .4.13 LEMMA. Let u and ¨ be two normal monomials, W be a P-mono-
mial. Then the following implications are true:
 .a u -#¨ « W )u -#W )¨ ;
 .b u -##¨ « u)W -##¨ )W.
 . w x  .The implication a is proved in G-I3, Lemma 3.5 . One can prove b by
a similar argument.
Since N is a commutative semigroup, the following is obvious.P
 .4.14 COROLLARY. For the semigroup N the multiplication ) agreesP
with the orders -# and -##; that is, for any three P-monomials V , V ,1 2
and W the following conditions hold:
 .a V -#V implies W )V -#W )V and V )W -#V )W;1 2 1 2 1 2
 .b V -##V implies W )V -##W )V and V )W -##V )W.1 2 1 2 1 2
The following example shows that it is possible that u -#¨ , u, ¨ g N,
and ¨ )W -#u)W for some P-monomial W. In general, it is not clear
 .how to define Groebner basis w.r.t. -# for two-sided ideals in A.
 .  :  .4.15 EXAMPLE. A s K X r F , with
F s x x y ax x ; x x y bx x ; x x y cx x ; 5 2 1 3 5 1 2 3 3 2 1 5
x x y dx x ; x x y x x , i , j / 2, 5 , 1, 5 , 2, 3 , 1, 3 , .  .  .  .  . 43 1 2 5 j i i j
 4where a, b, c, d g K _ 0 , and ad s bc.
Here P s 5!. One can easily see that A is a binomial skew polynomial
 . 2 2 P Pring with ) . The equality x ) x s x ) x implies x ) x s x ) x .5 2 1 5 5 2 1 5
Clearly, x ) x P s x P) x . Now one has x -# x , and x ) x P -# x ) x P.4 2 2 4 4 5 5 2 4 2
It would be of interest to note that P-monomials have the following
properties:
 .4.16 COROLLARY. For any P-monomial W and for any f g A one has
HM W ( f s HM W (HM f s W ) HM f ; .  .  .-# -# -# -#
HM f (W s HM HM f (W s HM f )W , .  .  . .-## -## -## -##
where the operations ( and ) are defined in the Introduction.
 .4.17 COROLLARY. The algebra of P-monomials A is a domain.P
 .  .4.18 By Y s Y P we denote the set
Y s y s x r1 ??? x rn ¬ 1 F i F n , 0 F r - P . 41 n i
Clearly, Y is a finite subset of N containing 1.
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 .  .4.19 LEMMA. 1 For any normal monomial ¨ g A there exist three
uniquely determined monomials y, W , W , such that y g Y, W , W g N ,1 2 1 2 P
and ¨ s W ) y, ¨ s y)W .1 2
 .2 The equality W ) y s W ) y , where W , W g N , y , y g Y,1 1 2 2 1 2 P 1 2
implies W s W , y s y .1 2 1 2
 .3 The equality y )W s y )W , where y , y g Y, and W , W g N ,1 1 2 2 1 2 1 2 P
implies y s y , W s W .1 2 1 2
 .Proof. 1 Clearly, any normal monomial u has the form
u s x Pc1qr 1. . . . x Pcnqr n. ,1 n
for some integers c , . . . , c , r , . . . , r , c G 0, 0 F r - P. Take1 n 1 n i i
y s x r1 . . . x rn .1 n
Obviously, y g Y. Now apply Corollary 3.59.
 .2 Let
W ) y s W ) y ,1 1 2 2
where W , W g N , y , y g Y. We shall prove first that y s y . By1 2 P 1 2 1 2
hypothesis one has y s x r1 ??? x rn, y s x s1 ??? x sn, where 0 F r , s - P.1 1 n 2 1 n i i
Since W , W are P-monomials, it follows from Corollary 3.59 that the two1 2
equalities
W ) y s x Pc1qr 1. ??? x Pcnqr n. ,1 1 1 n
W ) y s x Pd1qs1. ??? x Pdnqsn.2 2 1 n
hold, for some non-negative integers c , . . . , c , d , . . . , d . It follows then1 n 1 n
that r s s , 1 F i F n. Now consider the equalityi i
W ) y s W ) y , W , W g N .1 2 1 2 P
and again apply Corollary 3.59.
 .3 This can be proved by an analogous argument.
 .  .4.20 LEMMA. A is a free left resp. right A -module of finite rank withP
a set of free generators
Y s y s x r1 ??? x rn ¬ 1 F i F n , 0 F r - P . 41 n i
Proof. It follows from Lemma 4.19.1 that the set Y generates A as a
 .left resp. right A -module. We shall prove that A is a free left A -mod-P P
ule. Assume that
a y q a y q ??? qa y s 0,1 1 2 2 s s
SKEW POLYNOMIAL RINGS 745
where for 1 F i F s, one has a g A , y g Y. It follows then from Lemmai P i
4.19.2 that
a y s 0, 1 F i F s,i i
and, since all a 's are linear combinations of P-monomials, one can applyi
 .4.19.2 again to obtain, a s 0, for 1 F i F s.i
 .   ..4.21 Proof of Theorem I cf. 1.15 . Assume that the hypothesis of
 .  .the theorem holds. Then Proposition 4.11 gives 1.15.1 . Condition 1.15.2
follows from Lemma 4.20.
Now we shall consider the notion of Groebner basis for one-sided ideals
of A. For convenience we shall make an extract of the necessary results
 .which we have already obtained and apply the definitions and results
from Section 2.
 .4.22 Remark. Let A be a binomial skew polynomial ring with condi-
 .tion ) . We have proved that in this case the subalgebra A of P-mono-P
 .mials is an algebra of solvable type thus a strictly ordered algebra , and A
is a free left A module of finite rank with a basis Y over A , whereP P
Y s y s x r1 ??? x rn ¬ 1 F i F n , 0 F r - P . 41 n i
Now in the notation of Section 2, for A s A , M s A, all the conventions0 P
of Section 2 are satisfied. It is clear that the set B, defined as
 4B s W ) y ¬ y g Y , W g N ,P
 .coincides with the set of normal monomials N s N A and is a K-basis of
A. The deg]lex ordering -# on N is A -admissible this follows fromP
 ..4.13.a . Recall that for a g A , f g A the multiplication a( f is given byP
 .  .1.2 . For any element f g A there is an obvious equality in f s-#
 .  .  .HM f and we shall use the notation HM f instead of in f .-# -# -#
Clearly all the definitions and results of Section 2 can be applied to left
A -submodules J of A. Now one can use the definitions of left reductionsP
 .  .   ..2.15 , and left S-forms LS f , g for f , g g A cf. 2.18 .
 .Note that, since N , ) is a commutative semigroup, any two P-mono-P
mials W , W g A have a least common multiple in A . Hence the1 2 P P
following is true:
 .4.23 LEMMA. Let f and g, f / g, be two elements of A. Then the
 .LS-form LS f , g is non-zero iff there exist a y g Y and P-monomials
W , W g A , such that1 2 P
HM ) f s W ) y , .- 1
HM ) g s W ) y. .- 2
In particular, this is a recognizable property.
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 .Clearly the analogue of the Diamond Lemma 2.22 holds for left AP
 .submodules of A and one can use 2.23 to define Groebner bases for left
A -submodules of A, in particular, for left ideals of A.P
Analogous definitions and results can be formulated for right A -mod-P
 .ules this time using the ordering -## on N . In the particular case,
 .when J is a left ideal or right ideal in A we shall make an additional
 .  .remark; cf. 4.24 and 4.25 .
 .  .   .4.24 For a subset F ; A we shall denote by F resp. by F theA A P
 .left ideal in A resp. the left A -module generated by F. For the rightP
 .  .ideal and the right A -module generated by F we write F and F ,P A A P
respectively.
It is clear that in general
F / F . .  .A A P
However, one can easily see that:
 .4.25 LEMMA. Let F be a subset of A. Then
 .  4  .a the set Y ? F s y( f ¬ f g F, y g Y generates the ideal F as aA
 .  .left A -module, i.e., F s Y ? F ;P A A P
 .  4  .b the set F ? Y s f ( y ¬ f g F, y g Y generates the ideal F as aA
right A -module.P
Ob¨iously, if F is finite, then the sets Y ? F and F ? Y are finite as well; hence
 .  .the ideals F and F are finitely generated as A -modules.A A P
 .It follows from Corollary 5.10 that any left resp. right ideal J in A has
 .a finite left resp. right . Groebner basis which generates J as an A -mod-P
 .ule. One can use the reduced Groebner basis which is a minimal one
 .  .defined in 2.33 . The following is a straightforward consequence of 2.22 .
 .4.26 Remark. Let J be a left ideal of A. Then the following condi-
tions hold:
 . 1 The reduced Groebner basis of J J regarded as an A -submod-P
.ule of A is finite.
 .2 Given a finite set F generating J as a left ideal one can find the
set F s Y ? F generating J as an A -submodule of A. It can be algorith-1 P
 .mically checked whether the set F is a Groebner basis of J; cf. 2.22.v .1
Furthermore, if F is not a Groebner basis, then starting from F , one can1 1
  ..apply an analogue of Buchberger's algorithm cf. 2.29 , to construction of
 .a finite Groebner basis G for the A -module J.P
 .  43 Suppose G s g ¬ 1 F i F t is a left Groebner basis of J. Theni
an element h belongs to J iff it can be reduced to zero with respect to G,
or equivalently, its normal form modulo G is zero.
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 .4 Since a finite Groebner basis G can always be found algorithmi-
cally, the membership problem for the ideal J thus for any finitely
.generated left ideal of A is solvable.
It is clear that A can also be regarded as a right A module. In this caseP
one should consider the arabic ordering -## on N. Lemma 4.13.b gives
that -## is preserved when one multiplies by P-monomials from the
right. In this way one can define right reduction and right S-forms and
prove an analogue of the Diamond Lemma in this case. Hence, Groebner
bases for right A -submodules of A can also be defined. All results in thisP
section proved for left A -submodules of A can be formulated analo-P
gously and proved for right A -submodules of A.P
We now consider two-sided monomial ideals in A.
 .  44.27 LEMMA. Let S s a , . . . , a ; N be a finite set of monomials.1 q
 .Then the two-sided ideal S in A is generated as a left A -module by the finiteP
set
 4S s y ? a ? y ¬ a g S ; y , y g Y .1 1 2 1 2
 .Proof. Clearly, the ideal S consists of elements z which can be
presented as finite sums of the type
z s f a g q ??? qf a g , 4.28 .1 i 1 r i r1 r
where f , g g A, a g S, 1 F k F r. Now consider an arbitrary summandk k ik
 .z s f a g in 4.28 . It follows from Corollary 3.59 that z can bek k i k kk
presented as a finite sum of elements of the type Cy a y , where C g A ,1 i 2 Pk
and y , y g Y. This proves the lemma.1 2
 .4.29 COROLLARY. The algebra A has a decidable membership problem
for two-sided monomial ideals. More precisely, gi¨ en a finite set of monomials
 4S s a , . . . , a ; N ,1 q
and an element h g A, one can algorithmically ¨erify whether h is in the
two-sided ideal J generated by S.
5. NOETHERIAN PROPERTIES OF BINOMIAL SKEW
POLYNOMIAL RINGS
 :  .In this section we assume that A s K X r F is a binomial skew
polynomial ring with a square free set of defining relations F s x x yj i
4 2c u ¬ 1 F i - j F n , i.e., u / x , for all i, j, k, 1 F i - j F n, 1 F k F n.i j i j i j k
 .We do not assume that the condition ) holds.
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 .  :  .5.1 THEOREM. Let A s K X r F be a binomial skew polynomial
ring. Suppose the set of defining relations F is square free. Then each of the
 .following two conditions implies condition ) on F:
 .a A is left Noetherian;
 .b A is right Noetherian.
 w xProof. In G-I3, Cor. 4.5 this statement is proved under the restriction
that A have no zero divisors. We give a new argument here, for which this
.restriction on A is not necessary.
 .  .a Suppose A is left Noetherian. We shall prove that F satisfies ) , or
equivalently,
 .5.3 for any pair j, i with 1 F i - j F n, there exist p and q, 1 F p -
q F n, such that x ) x s x x .q p i j
 .Indeed, let i, j be as in 5.3 . Consider the increasing chain of left ideals
I : I : ??? : I : ??? ,1 2 k
 2 k .where for k G 1, I is the left ideal x x , x x , . . . , x x . Since A is leftk A i j i j i j
Noetherian, there exists a k ) 1, such that
I s I s I s ???ky1 k kq1
Thus, x x k g I . This impliesi j ky1
x x k s w) x x r g N , 5.4 .i j i j
 .for some normal monomial w and some r, 1 F r - k. It follows from 5.4
that the normal monomial u s x x k can be obtained from the monomial0 i j
r  :wx x by applying a finite sequence of replacements in X . Morei j
precisely, there exists a sequence of monomials u s x x k, u , . . . , u ,0 i j 1 ty1
u s wx x and replacementst i j
u ª u ª ??? ª u ª u s x x k g N. 5.5 .t ty1 1 0 i j
 .Note that all the replacements in 5.5 are defined by the quadratic
 .  .  .relations in F we ignore the coefficients there ; cf. 3.3 . By hypothesis
w x  . F is square free, so replacements of the type a x x b ª a x x b a, b gq p j j
 : .X and 1 F p - q F n do not exist. It follows then that the rightmost
 .replacement in 5.5 is of the form
w x ky1 ky1u s x x x ª x x x s u , .1 q p j i j j 0
where p and q are some integers with 1 F p - q F n. In other words, we
have obtained the equality
x ) x s x x ,q p i j
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 .  .for some p and q, 1 F p - q F n. We have proved that a implies ) .
 .  .One can use an analogous argument to prove that b implies ) as well.
Q.E.D.
 .  :  .5.6 LEMMA. Let A s K X r F be a binomial skew polynomial ring
 .with condition ) , and let u , u , . . . , u , . . . be a sequence of elements of N.1 2 k
Then the following two conditions hold:
 .5.7 There exists an s G 1, such that for each j ) s there exists a0 0
j F s , such that0 0
u s u )W9j j0
for some monomial W9 g N .P
 .5.8 There exists a q G 1 such that for each j ) q , there exists a0 0
j F q , such that0 0
u s W0) uj j0
for some monomial W0 g N .P
 .Proof of 5.7 . Let H be the set
 4H s u , u , . . . , u , . . . . 5.9 .1 2 k
 .We proved in 4.19 that any monomial ¨ g N has a unique presentation
as ¨ s y)W, where y g Y and W g N . Thus the set H splits into a unionP
of finitely many subsets:
H s H ¬ y g Y , 4D y
where
 4H s u g H ¬ u s y)W , W g N .y P
For each y g Y consider the set H . Clearly, H is countable andy y
 4H s u , u , . . . , u , . . . ,y y1 y2 yk
where, for k s 1, 2, 3, . . . , one has
u s y)W ,yk yk
for some P-monomial W . Now the sequenceyk
W , W , . . . , W , . . .y1 y2 yk
 .can be regarded as a sequence of monomials in N , ) . By Lemma 4.9,P
 .N , ) is a Noetherian semigroup. It follows then from Lemma 2.25 thatP
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 .  .  .there exists an s y such that for each k ) s y there exists a j F s y ,k
for which
W s W )W ,yk y jk
where W g N . Hence there is an equalityP
u s u )W .yk y jk
For convenience let us denote by s the index with which u appears iny y s y .
 .5.9 , i.e., u s u . It is clear that fory s y . s y
s s max s ¬ y g Y 40 y
 .  .condition 5.7 of the lemma is true. An analogous argument proves 5.8 .
Q.E.D.
 .  :  .5.10 COROLLARY. Let A s K X r F be a binomial skew polynomial
 .ring with condition ) . Then the following conditions hold:
 .  .a The semigroup of normal monomials N, ) is left and right
Noetherian;
 .b Any left ideal in A has a finite Groebner basis with respect to -#;
 .c Any right ideal in A has a finite Groebner basis with respect
to -##.
 .  .Proof. Lemmas 2.25 and 5.6 imply a . We shall prove c . Take the
arabic ordering -## on the set of normal monomials N. As shown in
 .  . 4.14 and 4.15 , -## is a good ordering on N as a set but, generally,
.not as a semigroup , and the restriction of -## on the commutative
subsemigroup N agrees with the multiplication ) on N .P P
Let J be a right ideal of A. We shall prove that there exists a finite
right Groebner basis G of J, that is, a set G ; J such that for any h g J0 0
there exist a g g G and a P-monomial W g N such that0 P
HM h s HM g(W , .  .-## -##
or equivalently
HM h s HM g )W . .  .-## -##
Set
I s HM J s HM f ¬ f g J . .  . 4-## -##
 .  .Clearly, I is a right ideal in the semigroup N, ) . It follows from 5.8
that
 .  45.11 there exists a finite subset G s ¨ , . . . , ¨ : I, such that for any1 s
u g I there exists a ¨ g G, such that u s ¨ )W, for some W g N .P
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For each ¨ g G, 1 F i F s let g be a monic element of J withi i
 .  .HM g s ¨ . It is an immediate consequence of 5.11 that the set-## i i
 4 G s g ¬ 1 F i F s is a right Groebner basis of the ideal J regarded as a0 i
.  .  .right module over A . We have proved c . Condition b can be provedP
by an analogous argument this time one should consider the order -#
on N. Q.E.D.
 .  .5.12 Proof of Theorem II, 1.16 . Let A satisfy the hypothesis of
 .  .Theorem II. The equivalence of the conditions 1 ] 5 can be proved by
the scheme
1 ª 5 ª 3 ª 1 .  .  .  .
and
1 ª 4 ª 2 ª 1 . .  .  .  .
 .  .  .  .  .  .Corollary 5.10 gives 1 ª 5 and 1 ª 4 . The implications 5 ª 3
 .  .  .  .  .  .and 4 ª 2 are obvious. Theorem 5.1 gives 2 ª 1 and 3 ª 1 .
Q.E.D.
The following theorem gives a class of semigroups which are left and
right Noetherian and, in general, non-commutative.
 .5.13 THEOREM. Let N be a semigroup presented ¨ia generators and
relations as
 :N s x , . . . , x ¬ x x s u , 1 F i - j F n .1 n j i i j
Suppose that the set of defining relations
G s x x s u ¬ 1 F i - j F n 4j i i j
satisfies the following conditions:
 .a For 1 F i - j F n, u is a monomial of degree 2, such thati j
u -# x x .i j j i
 .b There is an equality of sets
u ¬ 1 F i - j F n s x x ¬ 1 F i - j F n . 4  4i j i j
 .c The set of relations G determines a straightening law in the free
 :  .  .semigroup x , . . . , x . Then 1 N is left and right Noetherian; 2 N is a1 n
 .semigroup with cancellation; and 3 there exists some linear ordering on N,
compatible with the multiplication in N if and only if N is isomorphic to the
free commutati¨ e semigroup with n generators.
 .  .  .Proof. Condition 1 follows from 5.10.a . Theorem 4.1 implies 3 .
 . w xCondition 2 is proved in G-I-VB . Q.E.D.
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We conclude the paper with some remarks and open questions.
 . w x5.14 Remark. It is proved in G-I-VB that all binomial skew polyno-
 .mial rings A with condition ) are regular domains in the sense of Artin
 w x.and Schelter cf. Art-Sch .
 .  .5.15 QUESTIONS. 1 Let A be a binomial skew polynomial ring with a
 .set of defining relations F. Suppose A is left resp. right Noetherian. It is true
 .that F is square free and condition ) holds?
 .2 Let A be a binomial skew polynomial ring with a set of defining
 .relations F. Suppose F satisfies condition ) . Is it true that A has a decidable
membership problem for finitely generated two-sided ideals?
It is proved in Section 4 that A has a decidable membership problem for
finitely generated one-sided ideals and for finitely generated two-sided
monomial ideals.
 .  .3 Let A be a strictly ordered algebra, and let N , ) be the0 0
 .semigroup of its normal monomials. It is known that left resp. right
Noetherianness of the semigroup N implies that the algebra A is left resp.0 0
.right Noetherian. The question whether this implication is an equi¨ alence is
open.
w xIt is proved in G-I2 that the answer is affirmative in the special case of
degree]lexicographic ordering -#.
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